UNIVERSITE DU LUXEMBOURG
ANALYSE 1 POUR MATHEMATICIENS
2015-2016

EXERCISE SHEET 2

2.1. Compute the following limits:

Vn242
2n

cos/n

n

2.1.1. limy oo

2.1.2. lim, o0
: 2 1 : 1
2.1.3. limy 400 n” cos(;z) sin(53)
sin(n+1)—sin(n—1)
cos(n+1)+cos(n—1)
sin vVn3+n2+1
n3+n2+1

n(vn2+1—vn2+4)
2

2.1.4. lim,_ o0

2.1.5. lim,_ o0

2.1.6. limy oo

2.1.7. lim, oo n(v/nt +4n + 5 — n?)

2.2. Given a positive number a € R, discuss the convergence of the sequence z,, = a™.

o . 1
2.3. Given a positive number a € R, discuss the convergence of the sequence z,, = an.

2.4. Prove the following criteria for the convergence of a sequence:

2.4.1. Let {an}, be a sequence of positive real numbers. Suppose that there exists

lim {/a, =/ .
n—oo

Prove that:

e if / > 1, then the sequence a,, is divergent;
e if { < 1, then the sequence a,, — 0;

Show with an example that if £ = 1, we can’t determine the behaviour of the sequence a,.

2.4.2. Let {ay}, be a sequence of positive real numbers. Suppose that there exists

. An+1
lim L — g

n—oo an

Prove that:

e if / > 1, then the sequence a,, is divergent;
e if ¢ < 1, then the sequence a, — 0;

Show with an example that if £ = 1, we can’t determine the behaviour of the sequence a,,.
2.4.3. Let {an}n be a sequence of positive real numbers. Suppose that there exists

. An+1
lim L — ¢,
n—oo a/’l’l

Then lim,, o {/a, =Y.
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2.5. Compute the following limits (with the aid of the above criteria)
2.5.1. lim,,_o for every a > 1 and b > 0.

2.5.2. lim, o %7 for every a > 1.

2% 2/ IR

2.5.3. lim,_eo

2.5.4. lim,_,~ /a for every a > 0.

S5

2.5.5. lim,_seo

2.5.6. limy_o0(n® + T2 + 5)n.

2.5.7. lim,,_y00 V1!

n

2.5.8. lim,_,o 22

2.5.9. lim, 00 /(1.

n

2.6. Compute the infimum and the supremum of the following sets:

2.6.1. A= {5 |mmnecN}

2.6.2. B={1+(-1)"|nenN}

2.63. C={reR|[3Imn) eN*xXN:1x=—+4 >}

3=

1
m

2.7. Let {x;}, be a convergent sequence and let {y, }, be the sequence defined by

Yn = Tp+1 — Tn -
Prove that the sequence {yy}, converges and compute its limit.

Determine what happens when the sequence {z,}, is divergent. In particular find an example
such that {y,}, converges to 0.

2.8. Let {an}n be a sequence of real numbers. Consider its arithmetic mean
al+...an

n
Prove that if lim,, - a, = 0, then lim,,_, s, = 0.
More in general, prove that if lim,,_, o a, = £, then lim,,_,oo s, = £.
Find an example such that {a,}, diverges but {sy}, converges.
Compute the limit of the sequence {x,}, defined by

1 <1
=0
k=1

n =

2.9. **. Given a sequence of real numbers {x,}, we define

lim sup x,, = inf sup a,
n— 00 n>k

lim inf x,, = sup inf ay, .
n—00 L n>k
e Prove the existence of limsup,,_,.. #, and liminf,,_, =y,
e Prove that limsup,,_, .z, > liminf, o x, and the equality holds if and only if {z,}n
converges.
e Compute limsup,,_, .. &, and liminf,_, - x, when z, = sin(n).
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2.10. **. Let {an}, and {b,}, sequences of real numbers such that
e lim, o ay, =0 and lim,,_so b, =0
e {b,}, is monotone decreasing.

Prove that

. .. ,0pny1 — @ . ..o . a . Ap4+1 — @
liminf 24— < liminf = < limsup — < limsup ol o
n—oo Op41 — bn n—0oo 0Op n—00 n n—00 bn+1 - bn
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